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= f(x)? x;f 2 Rn
??????? f(x)?????????x???????????f(x)???



























??? Lyapunov??????????U  Rn??????????C1??
L : U ! Rn????
1. x 2 U ???????? '(t;x)???? (dL=dt)('(t;x)) jt=0 0




1. x = x???? f(x)???????Df ??????????????
???????????????? 1;    ; n?????????X??
???????????????????????k(k = 1;    ; n)???
??????????????
?????
 = X 1Df X
?????X???????????????????????????
?????????????? [12]?????????




1; if Re(k) < 0;









L(x) = (x  x)TY (x  x):






??? x(t)???? L(x(t))? t???????
d
dt
L(x) = f(x)TY (x  x) + (x  x)TY f(x)
????????




g = Df(x + s(x  x))(x  x)




Df(x + s(x  x))ds(x  x)




L(x) = (x  x)T
Z 1
0
(Df(x + s(x  x))TY + Y Df(x + s(x  x)))ds(x  x)
???????????
???z = x + s(x  x)?????????A(z)?
A(z) = Df(z)TY + Y Df(z)
?????x?x??????????? z????A(z)?????????x
???? dL(x)=dt < 0????
???????? x????????DL?????
 x 2 DL
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 x 2 DL?????? 0  s  1???? x + s(x  x) 2 DL








A = (Df )H Y^ + Y^ Df 
?????????????Y^ ????????


























2. ????????????? (X) 1A([x])X?????????? [a]ij
????
3. ????????????????????????????? i =





















????? Y ??????????????Y ???????????




(x) = fT (x)Y x+ xTY f(x)
= fT (x)Y x+ (Y x)Tf(x)
= 0
8
????dL=dt < 0??????????? Y ?????????
3.4.2 Y ?????????????
Df ??????????????? u????????? s????????
????s+ u = n???? s??????????u????????????
????????
????Y ????????????? s0??????? u0????????Y
?????????????s0 + u0 = n????
????????
v1;    ;vs0 :Y ?????????????????
u1;    ;uu0 :Y ?????????????????
v1;    ;vs :Df ???????????????????
u1;    ;uu :Df ???????????????????
Y ????????????v1;    ;vs0????u1;   ; uu0?????????
?????????????????????????u1;    ;uu????x?
?????????????????????????????????? [3]?
??????????????????????x?????????????









(y1;    ; ys) =  (x1;    ; xu)
??????????????z = (x1;    ; xu; y1;    ; ys)?????????z










L('(t; z)) = 0









????? ??? ??????????????????u0  1; s0  1????
???u0 < u?????? ???????uj; (j = 1;    ; u0)????
uTj (1u

1 +   + uuu) = 0






































????????jk?Kronecker delta????L(u)??? l > 0????
??????????? ?????????????? z?
z = (1;    ; u; 1;    ; s);
























L(z) = (z)TY z
= 2(u)TY u + (u)TY (v) + (v)TY u + (v)TY (v)
= 2l +O(2t) +O(2t2)
= 2l +O(2t)
= 2(l +O(t))
????l > 0??? t???????????????> 0??????z??
????????????????< 0??????
?????u0  u??????????????? s0  s?????????















2. f(x)???? x???? Lyapunov?? L(x)??????
Lyapunov??????????? L 1(0)???????????????
L+ = fx j L(x) > 0g?L  = fx j L(x) < 0g ???????????L+?
???????????? L ????????????
3. ???? Lyapunov????????? Lyapunov??DL???????












6. t > 0????'(t; [X0])? Lohner??????????????????
??? x??????? T0 > 0? L+?????????????
7. '(T0; [X0])?x?????????Dh???????? @Dh???L+?
??????????????????????
8. ???????Dp???@Dp???? (a; b)????'(t; [X0])??? T^ > T0
? L ???????????????????
9. L ? x?????  ?????R3??  ?????? P ??????
fP '(T^ ; [X0])g??x????????E?????????????
10.  ?? x?????????? l??????E??? z???????
? z   x? l????? ????











R2??? S1????f : S1 ! S1?????????? x? S1????
????????????? f(x)? S1????????????????
??????????f ????????degf ??????? IS????
?????????
 Brouwer??????
Bn? n???????????? n  1????? Sn 1????
F : Bn ! Bn??????????? Sn 1???????? FS ????
FS(S
n 1)  Sn 1?deg(FS) 6= 0?????????F ????????




????X?????? Y ????????? F; F 0 : X ! Y ?????
??? Fh : X  [0; 1]! Y ?????
Fh(x; 0) = F (x); Fh(x; 1) = F
0(x); x 2 X
??????????????F ? F 0????????????????
???????? Fh? F ?? F 0??????????????? F; F 0 :
S1 ! S1????????????????????????degF =degF 0
????




R2??? S1??????S1?????????? f ?????????
??S1????????????????????????C1?C2?C3??
C1 = fz 2 S1j0  arg(z)  2s1g
C2 = fz 2 S1j2s1  arg(z)  2s2g
C3 = fz 2 S1j2s2  arg(z)  2g
????????0 < s1 < s2 < 1????
?????S1?? V1?V2?V3?????C1?C2?C3? f?????????
??
V1 \ V2 6= ? (1)
V2 \ V3 6= ? (2)
V3 \ V1 6=  (3)
V1 \ V2 \ V3 =  (4)
????????




??????? f e : R! S1????? [0; 1]???????? f^ : [0; 1]!
S1???????f^(0) = e(t0)??? t0 2 R ???????
??? [9] 
f^ : [0; 1]! S1????????x0 2 [0; 1]????
1. f(x0) = e(t0)?????? t0???????? ~f : [0; 1]! R ??
e  ~f = f^ ?? ~f(x0) = t0???????????????
2. ???? ~f?~g : [0; 1] ! R? e  ~f = e  ~g = f^ ??????k =
~g(x0)   ~f(x0) ?????k???????? x 2 [0; 1]????
~g(x) = ~f(x) + k?????? 
??????
e  ~f = f^
~f(0) = t0
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?????? ~f : [0; 1]! R?????????f ?????
deg f = ~f(1)  ~f(0)
???????????????t0???????????????????
???????????deg f = 0??????
deg f = 0??? ~f(1) = ~f(0) = t0??????? ~f(s1) = t1?~f(s2) = t2?
???V1?V2?V3  S1? e????? e 1(V1)?e 1(V2)?e 1(V3)  R???
????????????????????
U1  e 1(V1) : [0; s1]? ~f????
U2  e 1(V2) : [s1; s2]? ~f????
U3  e 1(V3) : [s2; 1]? ~f????
????????????????????? (4)???
U1 \ U2 \ U3 = 
??????????
????t0 2 U1 \U3????????t1 2 U2? t2 2 U2? t0???????
?????????????????????????????
1. t1?t2???? t0???????????????
t0 < t1 < t2?????
[t0; t1]  U1
[t1; t2]  U2
[t0; t2]  U3
???t1 2 U1 \U2 \U3?????????????????????
???????
2. t1?t2????? t0??????????????
t1 < t0 < t2?????
[t1; t0]  U1
[t1; t2]  U2
[t0; t2]  U3
???t0 2 U1 \U2 \U3?????????????????????
???????
























L(x) = xTY x
?????????????DL1  DL???????
DfT (x)Y + Y Df(x) < 0 (????????????)
???? x 2 DL1?????????????
???L   DL???????????DL1  DL????????????
??????????????????Dh?????Dh??? @Dh???x?
???L ???????????
< 1 > ???? "???????? " < t < 0????
'(t;x) 2 Dh
????







Dh????Dh??? @Dh??? x??? L+???????????
< 1 > ???? "???????? 0 < t < "?????
'(t;x) 2 Dh
????

























1. ?? ?????? [1]; [2];    ; [m]??????
2. ??????????????????????????????????
????????
3. ??? Lyapunov??????? L+????????????
4. ??????????????????????????????
???????????? 4?????????????????? [X0]???
??????????????? x0 2 [X0]????
5.3.2 ???????
?? Y ???????????????????????????? v????
?????? L+??????
L1 = fx 2 L+ j vTx > 0g;
L2 = fx 2 L+ j vTx < 0g
??????????  Dh???????x 2 ?????????????
???
???'(t1;x) 2 L1??? t > t1??????? t < 0???? '(t;x) =2 L2??
? t1 < 0??????
???'(t2;x) 2 L2??? t > t2??????? t < 0???? '(t;x) =2 L1??
? t2 < 0??????
?????? t < 0???? '(t;x) 2 Dh \ L 
????? ??????????L 1(0)??????????????????











??? x = 0?????????????????????????????
x?????DL? Lyapunov??
L(x) = xTY x
??????????DL1  DL???????
DfT (x)Y + Y Df(x) < 0 (??????)
???? x 2 DL1????????
???????????????
??? 
????????? x1;x2 2 DL1?????





(1) ??????x1(t);x2(t) ??? DL1??????????? t 2 R????
dL
dt




(x2(t)  x1(t)) = (f(x2)  f(x1))TY (x2   x1)






Df(x1 + s(x2   x1))ds(x2   x1)
?????????x1x2? x1(t)? x2(t)????????
Df(x1x2) = fDf(x)jx 2 x1x2g
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?????????
Df(x+ s(x2   x1) 2 Df(x1x2); 0  8s  1
??????????????????Df(x1x2)(x2 x1)???????
????????????? ~x 2 x1x2?????
f(x2)  f(x1) = Df(~x)(x2   x1)
??????




(x2(t)  x1(t)) = (x2(t)  x1(t))T ( ~DfTY + Y ~Df)(x2(t)  x1(t))
?????????? ~DfTY + Y ~Df < 0??????? (5)??????
???
(2) ?????????? x1;x2 2 DL1????
y = x2   x1
?????????x1??? x2???????? t < 0????????
???????DL1???????(1)??
L('(t;x2)  '(t;x1)) > L(y)
???? t < 0??????????x1;x2??????????????
??t!  1? '(t;x2) = '(t;x1) = 0??????
lim
t! 1
L('(t;x2)  '(t;x1)) = 0:
??????0  L(y)?????L(y) = 0???????? t1 < 0?






?????????????????? x1;x2?????L(x2   x1) > 0??
?????????????????????????x 2 R3?????? s?
????L(x)?L(sx)???????????x1? x2??????? ???
?????????
?? ??????????????? s; 0 < s < 1????
x(s) = sx1 + (1  s)x2
????????????
L(x(s)) < 0:
???L(x1) = 0; L(x2) = 0???
L(x(s)) = s2L(x1) + (1  s)2L(x2) + s(1  s)(xT1 Y x2 + xT2 Y x1)
= s(1  s)(xT1 Y x2 + xT2 Y x1)
??????s(1  s) > 0???
xT1 Y x2 = x
T
2 Y x1 < 0
?????????L(x2 x1) > 0????????????? ???????
????
?????? x0 2 ?????? (a; b) 2 Dp??????????????
???? ??????????????? l???????????????
????????????l???????x0(a; b)?????????????
???? (a; b)???????????? x0(a; b)?????????
???????









 0 : B0 ! Dp???????????????????????????
?????????????
 F0 : Dp ! l?l???????????????????????(a; b) 2
Dp????????????????? ?????? x0(a; b)? F0??
??????????????????5.3????????
???? F0(Dp)?X0  l????
 F1?????X0????????????????? l0????Lyapunov
?????? L 1(l0)?????x0 2 X0??????? '(t;x0)? L 1(l0)















????? l-????? L 1(l0)?? L 1(0)??????????????
F2 : L
 1(l0) 3 x1 ! x2 2 L 1(0)
??




fTY x(l) + xT (l)Y f
dl
?????????????? t??? l????????????????
????????x(l)??? x?????????? '(t;x)??? L 1(l)
?????? t?????????????????? dL=dt???????
Lyapunov????????????????????x(l)???????
? 0?????????????????????? f ??????Df 
22
?????
f(x)  Df x
fTY x+ xTY f  xTAx
A := (Df )TY + Y Df 
????????????A?????
l = xTY x
??????????????????????????????



















































 F3 : X2 !  ????????????? ????R3?? ??????
P  ??????? ????x???????????????????
???????????? x 2 L  [ L 1(0)????
P (x) = x




F3 = P ??????? F3(X2)?X3   ????
 F4 : X3 ! Br???? x ???????? r??? Br   ?????




y; for x3 =2 Br:
x3; for x3 2 Br:
???? F4(X3)?X4  Br????
 1 : Br ! B1??????????x?B1??????????????
???????????????????????????????
???????????????????????????????
F = 1  F4  F3  F2  F1  F0  0
?B0??B1?????????????Brouwer?????????????
????F ? S1???????? FS???????




F4  F3  F2  F1  F0(a; b) = x
??? (a; b) 2 Dp??????????F4; F3??????
F2  F1  F0(a; b) = x
????F2????????????????F1 F0(a; b)?????????










???????? (a; b)???????????????????? ?????
?????X0???? Y0  X0?
Y0 = fy0 j y0 = F0(a; b); (a; b) 2 @Dpg
????????????????????????Y2  X2?
Y2 = fy2 j y2 = F2(F1('(T1(y0);y0)));y0 2 Y0g
????????
?????????????????????????????? (a; b) 2 @Dp
??????? y0????????????????L ????? T^ ????
???????T^ ??(a; b)?????????????????? YT ?
YT = fyT jyT = '(T^ ;y0);y0 2 Y0g
?????? F 01? F 01(y0) = yT ????????
???F3 = P ???? YT ???  ???????????????????
P (YT )????? [P (YT )]???????????????
(A1) [P (YT )]???? x???????
??????
????? (A1)????????????????????? r0???Br0?
 ?????????? Sr0?????? P (YT ) ??????????????
????????? F4??????Br???????Br0??????? F 04?
??Br0??B1??????????????????????01??????
???
F 0S = 
0
1  F 04  F3  F 01  F0  0
??????Br0?P (YT )???????????????F 0S(S0)  S1????






 FS????? F 0S???????????
?????????????????
F 0S??? FS???
FS = 1  F4  F3  F2  F1  F0  0
???????F 0S ??FS ??????????? Y2????????? y2 =
F2(F1('(T1;y0)))????? '(t;y)? yT = '(T^ ;y0) 2 YT ??????????
???? F3???????????????????????? '(t;y2) = yT
????? t? T 0(a; b)??????? (a; b) 2 @Dp?????????????
????
???'(t;y2), 0 < t  T 0(a; b) ? Lyapunov?????????L [L 1(0)?
????????????F3????????  ??????P ('(t;y2)) = x
??????'(t;y2) = x ?????????x ?????????????
y2 = x
????????? '(T 0(a; b);y2) = x????????? (A1)???
??????
(B1) 0  t  T 0(a; b)??????? P ('(t;y2)) 6= x
?????????????x =2 P (Y2)????????????? r?????
??Br?????????P (Y2) ?????????????????????
???????FS(S0)  S1??????????????? (a; b) 2 @Dp????
y(h) = '(hT 0(a; b);y2); 0  h  1
??????y2 = y(0);yT = y1????h???????Yh = fy(h)j(a; b) 2 @Dpg
????????? (B1)???? P (Yh)?????????????????
?? r(h)?????Br??????Br(h)    ???????????????
P (Yh)????????????????????????? r(h)??????
?????????? 0  h  1??????????????????????
?? r?????????F4 = F 04;1 = 01????
????h?????????? Fh? Fh(y2) = yh????????????
???? F hS ?
F hS = 1  F4  F3  Fh  F2  F1  F0  0
???????Br(h)?P (Yh)??????????????F hS (S0)  S1???
?????????????? T 0(a; b)???????F hS ? 0  h  1????
??? S0 ! S1??????????????
F hS jh=0= FS; F hS jh=1= F 0S





 Br0? [P (YT )]????????????? r0???

















= bx+ (x  c)z
(6)
????????????Rossler?????????????????????
??????? (a; b; c) = (0:38; 0:30; 4:82)?????????????????
??????? [10]????????????????????????????
??????????? a??? b???????????????????
?? (a; b; c) = (0:38; 0:30; 4:82)???????????
(x; y; z) = (1:0 10 5; 1:0 10 4; 0) (7)







Dp = [0:3797; 0:3804] [0:2993; 0:3008]
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?????????????? a; b??????????? (7)????????
??????????? a; b????????????
? 1: ? (6)?????????????
????? ? 2: ??????????Dp
6.2 Lyapunov??
6.2.1 Lyapunov?????
? (6)???? x = [0; 0; 0]T ????? Lyapunov????????????














0B@ 0:7086 0:7086 0:1977 0:1543  0:6873i  0:1597 + 0:9815i  0:0385





Lyapunov?????????????)???????? I ????? ik ??
i1 = i2 =  1; i3 = 1?????????Lyapunov????????








? 3: Lyapunov?????? L 1(0)
6.2.2 Lyapunov?????
Lyapunov???????????????????? a; b????????
Dp ????????????????????????????a; b??[a] =
[0:3797; 0:3804]; [b] = [0:2993; 0:3008]???????????
???????????
[x] = [ 1:0; 1:0]
[y] = [ 1:0; 1:0]




[x] = [ 0:1; 0:1]
[y] = [ 0:1; 0:1]
[z] = [ 0:1; 0:1]
????????????????
6.3 ?????????????
????? Lyapunov?????? L 1(0)????? ??????????
? ?????????
(x; y; z) = (1:0 10 5; 1:0 10 4; 0)











????? ????????L 1(l 1)????l 1 > l 2??? l 2?????
??????? l 1 =  1:0228  10 8?l 2 =  1:9212  10 4 ????????
??????????????L 1(l 2)??????? z??????????
?
?????????? ! 2 
? l 2  L(!)??????????
????

j(j = 1;    ; 128)???? (? 4)?'( 1;




???5.2????? L ????< 1 >?< 2 >??????????
??????????????Dp ! X0??? F0???????
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? 4: ??? L 1(0)????
j ? 5: 
j? t =  1?????
6.4 ??????????????
???????Dp?
Dp1 = [0:3797; 0:3800] [0:2993; 0:3000]
Dp2 = [0:3797; 0:3800] [0:3000; 0:3008]
Dp3 = [0:3800; 0:3804] [0:2993; 0:3000]
Dp4 = [0:3800; 0:3804] [0:2993; 0:3008]
Dp = Dp1 [Dp2 [Dp3 [Dp4
??????????????????????????[X0]?????????
??????? t = 72:98528(= T1)??????? 6??????? [X1]???
???7???? [X1]??????????L 1(l)????? l????l = 0:52496
????????????[X1]????x??? 0 < l0 < l??? l0?????
????????
????[X1]??????? 0 < t  1?????? L 1(l0)???????
L 1(0)?????????
?? L+?
[x] = [ 0:9001; 1:2001]
[y] = [ 1:1001; 1:0000]
z =  1:0000
???? (? 8?????????)????????L+????Dh????
?? ??????????????? 9???? [X1]???????????
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= bx+ (x  c)z
= [0:2993; 0:3008]  [ 0:9001; 1:2001]
+ ([ 0:9001; 1:2001]  4:82)  ( 1:0000)
= [ 5:9908; 3:2590]
?????????????? z????????? 5.2????? L+??




F0 :Dp ! X0
F1 :X0 ! X1






? 8: ??? L 1(0)??????? 
? 9: [X1]? ?????
?? [X0] = (1:0 10 5; 1:0 10 4; [ 5:8 10 7; 5:6 10 7]) ?????
???????????????t = 74:78(= T^ )????? [YT ]?? 10?






0B@  1:0671  0:2324 0:1424 0:2324  1:0584  0:0071
0:1424  0:0071 1:0257
1CA [YTi]
(i = 1;    ; 4600)
????????????????????????????[YT ]  L ?
????? x =2 [YT ]????
2?[YT ]?????x??????? ????P ??????? ??? xy
??????????P ???? [P (YT )]??5.4???????




?????F3; F4????????????FS??? F 0S????????
?????
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? 10: ?????? t = 74:78????? [YT ]
? 11: YT ????  ???????? [P (YT )]
(3) [P (YT )]? x?????????????????????????? @Dp
? 4600?????????????????? c1;    ; c4600???
C1 = c1 [ c2 [    [ c1533
C2 = c1534 [    [ c3066
C3 = c3067 [    [ c4600
?????????????? c1;    ; c4600??????? v1;    ; v4600?
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???
V1 = v1 [ v2 [    [ v1533
V2 = v1534 [    [ v3066
V3 = v3067 [    [ v4600
????????[P (YT )] = V1 [ V2 [ V3???????? IS??????
? (1)?(4)?????????????????????????????
?FS???????????? 12? vn(n = 1;    ; 4600)??x?????
?     ???????????n??????? ?? ???
?????????????? 0????????????
? 12: vn? x???????? ????
???????? 5.4?????????????????? [a1; a2] [b1; b2] =
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